Abstract. A convex surface contracting by a strictly monotone, homogeneous degree one function of curvature remains smooth until it contracts to a point in finite time, and is asymptotically spherical in shape. No assumptions are made on the concavity of the speed as a function of principal curvatures.
Introduction
Several authors have considered convex hypersurfaces contracting by homogeneous degree one symmetric functions of their principal curvatures: Huisken [Hu] proved that the mean curvature flow contracts such hypersurfaces to a point in finite time while making their shape spherical. Chow proved similar results for n-dimensional hypersurfaces moving by the n-th root of Gauss curvature [Ch1] and (with additional convexity assumptions on the initial data) by the square root of scalar curvature [Ch2] . The author treated a large family of such equations [A1] , satisfying some requirements of concavity of the speed in the principal curvatures.
Since the result in [A1] holds for both concave and convex functions of the principal curvatures, it seems possible that these convexity assumptions are not necessary. In this paper we confirm this for surfaces moving in space: Theorem 1. Let F be a smooth, symmetric, homogeneous degree 1 function F defined on the positive quadrant in R 2 , with strictly positive derivative in each argument. Then for any smooth, strictly convex surface M 0 = x 0 (S 2 ) there is a unique family of smooth, strictly convex surfaces {M t = x t (S 2 )} 0≤t<T satisfying
(1) ∂x ∂t (z, t) = −F (κ 1 (z, t), κ 2 (z, t))ν(z, t)
x(z, 0) = x 0 (z)
where ν(z, t) is the outward normal and κ 1 (z, t) and κ 2 (z, t) are the principal curvatures of M t at the point x t (z). M t converges uniformly to a point p ∈ R 2 as t approaches T , while the rescaled maps
converge smoothly to an embeddingx T with image equal to the unit sphere about the origin.
The proof of this result follows the same basic framework as the papers mentioned above: The crucial step is to obtain a bound on the 'pinching ratio', which is 1991 Mathematics Subject Classification. 35K55, 35B65. 1 the supremum over the hypersurface of the ratio of largest to smallest principal curvatures at each point. This is obtained using a maximum principle argument. In the previous papers the concavity assumptions on the speed came into the argument at two points: First, to obtain terms of a favourable sign in the argument to control the pinching ratio, and second to allow the application of the second derivative Hölder estimates of Krylov [K] . In the two-dimensional case the author recently proved second derivative Hölder estimates which apply without any assumption of concavity [A2] . The main new estimate of this paper gives a bound on the pinching ratio without requiring any concavity of the speed function, thus removing all concavity requirements from the proof.
In the last section of the paper we discuss flows in which the speed function is homogeneous of degree greater than 1 in the principal curvatures: In particular, we show that any parabolic flow with speed homogeneous of degree α > 1 preserves pinching ratios which are less than or equal to a critical value r 0 (α) which depends only on α. On the other hand there are surfaces with pinching ratio as close to r 0 (α) as desired, for which the pinching ratio becomes worse under the flow.
Notation and preliminary results
We suppose that the initial surface M 0 is given by a smooth embedding x 0 : S 2 → R 3 , and we will construct a smooth family of embeddings x :
satisfying the evolution equation. The existence of a smooth solution for a short time is guaranteed since the flow is equivalent to a scalar, strictly parabolic equation (for example one can write the evolving surfaces as graphs over a sphere).
We adopt the convention that the unit normal ν points in the outward direction for a convex surface M , and that the principal curvatures are positive. If we choose local coordinates y 1 , y 2 about any point z such that the tangent vectors e i = ∂x ∂y i are orthonormal at z, then the principal curvatures are the eigenvalues of the second fundamental form, which is the symmetric bilinear form defined by
The covariant derivatives of a tangent vector field X on M in the direction of the tangent vector e j is given by the expression
where π is the orthogonal projection on the tangent space of M . The covariant derivative of the second fundamental form is the tensor defined by
The Codazzi identity says that this is totally symmetric. The function F is assumed to be a smooth symmetric function of the principal curvatures, and so can also be considered as a smooth function of the components of the second fundamental form. We defineḞ
The monotonicity of F as a function of each principal curvature implies thatḞ is a positive definite symmetric matrix. Suppose G is any other symmetric function of the principal curvatures, and defineĠ ij andG klmn to be the first and second derivatives of G with respect to the components of the second fundamental form. It was shown in [A1] that if F is homogeneous of degree 1 then G evolves according to the following evolution equation:
where we sum over repeated indices. In particular we have
The parabolic maximum principle therefore implies that the minimum of F over the surface M t is non-decreasing in time as long as the solution remains smooth and convex.
Estimate on the pinching ratio
In this section we prove the main estimate of the paper by applying the maximum principle to the evolution equation for the quantity
Since G is homogeneous of degree zero, the Euler relation givesĠ ij h ij = 0, and the last term in equation (2) vanishes.
Consider a point (z, t) where G attains a spatial maximum at some time t in the interval of existence of the smooth convex solution of the flow. We will examine the second term in Equation (2) at such a point. This is a quadratic term in the components of ∇h. The Codazzi identity implies that there are four distinct components of ∇h, so this term is defined by a 4 × 4 matrix. However, we also know that at the maximum point the first derivatives of G vanish, and we can use this to eliminate two components of ∇h, leaving only a 2 × 2 matrix. It will turn out that this matrix is in fact diagonal and easily understood if we work in local coordinates about z such that the metric is the identity matrix and the second fundamental form is diagonal at time t.
To compute these terms we will employ results from [A1] which describe the components ofF andG in an orthonormal frame in which h ij = diag(κ 1 , κ 2 ):
The last of these identities is to be interpreted as a limit if κ 1 = κ 2 . It follows that the terms in the evolution equation for G are as follows in a frame diagonalising the second fundamental form:
Since we are working at a maximum point of G, we are guaranteed that G is non-zero (otherwise M t is a sphere and the proof is trivial) and we can assume without loss of generality that κ 2 > κ 1 . The gradient conditions on G then give two conditions (noting that the derivatives of G do not vanish except when G = 0):
The degree-zero homogeneity of G implies by the Euler relation κ 1
Homogeneity also implies the identity
Similarly, the degree 1 homogeneity of F gives the following identities:
Substituting these expression into the expression for Q above and applying the Codazzi symmetries ∇ 1 h 12 = ∇ 2 h 11 and ∇ 2 h 12 = ∇ 1 h 22 , we find that all of the terms involving second derivatives of F and G disappear, and we are left with
Now we observe that
(κ1+κ2) 3 < 0, and therefore Q ≤ 0 and ∂G ∂t ≤ 0 at the maximum point. Therefore the supremumḠ of G is non-increasing in time, and the pinching ratio r = 2 1− √Ḡ − 1 is also non-increasing in time. We have proved the following:
is a smoooth family of convex embeddings satisfying equation (1), then for each t ∈ (0, T ) the pinching ratio of M t = x t (S 2 ) is no greater than the pinching ratio of M 0 .
If follows (using a result from [A1] ) that the surfaces M t have bounded ratio of diameter to inradius as long as they exist and remain convex.
Regularity and long-time existence
In this section we will prove a priori bounds on derivatives of all orders for smooth solutions of Equation (1). In particular these estimates will prevent any singularity from forming before the diameter of the surfaces approaches zero.
First, we note that the minimum of the speed F over the surface M t is nondecreasing in t, since we can apply the parabolic maximum principle to Equation (3). This, together with Proposition 2, implies a lower bound on the principal curvatures as long as the solution continues to exist.
To obtain upper bounds on curvature and bounds on higher derivatives of curvature, we note that each surface M t can be represented as the graph over a sphere about some enclosed point of a function v(., t), and the functions v then evolve according to uniformly parabolic fully nonlinear equations. The result of [A2] applies to give Hölder estimates on the second derivatives of v, implying that the curvature remains bounded and strictly positive as long as the inradius of M t remains positive. Schauder estimates then imply bounds on all higher derivatives of v, and these translate to bounds on all derivatives of the embeddings x t , as in [A1] .
It follows that the solution x can be continued smoothly as long as the inradius of M t is positive. Since we have a bound on the ratio of diameter to inradius, this implies that the diameter also approaches zero, and the surface M t converges to a point as t approaches the maximal time of existence T .
Convergence
In this section we complete the proof of Theorem 1. The convergence result for the rescaled embeddings will follow from a combination of the pinching argument of Section 3 with some refinements of the regularity estimates from Section 4.
We note that the scaling invariance of the evolution equation implies that the estimates on curvature are uniform for the rescaled surfaces, and it follows that estimates on all derivatives of curvature are also independent of time for the rescaled surfaces.
We also note that the strong maximum principle applies in the calculation of Section 3 to show that the pinching ratio is strictly decreasing unless M t has constant curvature.
It follows that the rescaled surfaces converge smoothly to a sphere as the final time is approached.
Remarks on higher degrees of homogeneity
In this last section we consider the application of the methods of the previous section to flows in which the speed is homogeneous of some degree greater than 1 in the principal curvatures. Our conclusion is essentially that such flows will always make pinching ratios worse for some initial data, and so estimates on pinching ratios are not the right tools for dealing with such flows. We note the work of the author on motion of surfaces by their Gauss curvature [A3] , in which it was shown that the maximum difference between the principal curvatures does not get any larger under this flow. Thus the fact that the pinching ratio does not improve does not rule out the possibility that other curvature estimates may yield useful results.
The evolution of a curvature function G under a flow with speed F which is homogeneous of degree α is as follows (compare equation (2)):
If G is homogeneous of degree zero, then the first term on the second line vanishes.
for G as in Section 3 above. Therefore the last term is non-positive. It remains to understand the gradient terms, as before.
The difference from the computation in Section 3 arises because the Euler identities are slightly different:
These lead to the following expression for the gradient terms:
For this term to be negative the pinching ratio r = κ 2 /κ 1 must satisfy the two conditions 2r 2 + (α − 1)r − (α − 1) ≥ 0 and (α − 1)r 2 − (α − 1)r − 2 ≤ 0. The first of these is always true since r ≥ 1, but the second is true if and only if r ≤ r 0 (α) = 1 2 1 + 1 + 8 α − 1 .
we obtain a smooth, strictly convex surface with ratio of principal curvatures equal to f (u) where u is the distance from the axis of rotation. Now choose f (u) to be a smooth function with f (u) = r 1 > 1 for u ≥ u 0 and f (u) ∈ (1, r 1 ) for 0 < u < u 0 . If we choose U > u 0 , then this defines a smooth, strictly convex surface with pinching ratio equal to r 1 , with this pinching ratio attained on an open annular region away from the 'poles' of the surface. In this region we have ∇G = 0 and ∇∇G = 0, where ∇ is the covariant derivative and G is as given in section 3. A direct calculation also shows that ∇ 1 h 22 = 0 everywhere on the surface, while
which is certainly not identically zero on this annular region. Therefore in the evolution equation (4) for G, the first term is zero, the second term is positive, and the last term is negative. To get further we can write out these terms explicitly in terms of u: At points with r = r 1 we find
But now by choosing u 0 sufficiently close to zero while keeping U fixed, we guarantee that there are points achieving the pinching ratio which have u ′ as large as desired, and so as long as r 1 > r 0 (α) the positive first term in the bracket dominates the negative second term, and we have that G is strictly increasing, and therefore the pinching ratio becomes larger for small positive times. This shows that the result of Theorem 2 cannot be improved.
Remarkably, the particular surface which provides a counterexample here depends only on the degree of homogeneity α of F .
